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Introduction 



Let A = (Aj) t>o, be a Levy process with characteristics (7,cr 2 ,ITx). Thus the charac- 
teristic function of A is given by the Levy-Khintchine representation, Ee %eXt = e mx ^\ 
where 

# x (0) = ifl 7 - a 2 9 2 /2 + f (e Wx - 1 - Wxl {]x]<1} )IL x (dx), for eR. 

Jr 

Historically, a number of different types of Levy processes have arisen in the context 
of stochastic modelling depending on the phenomenon under investigation. This has 
motivated the detailed study of several different classes of processes. In this paper we will 
investigate one such class, those with convolution equivalent Levy measure. This class 
has recently been proposed as a model for insurance risk, although its study certainly 
predates that. Convolution equivalent distributions were first introduced by Chistiakov 
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[9] and later by Chover, Ney and Wainger [10]. Their properties have been investigated 
by several authors including [IT] . [15], [22], [26] and [27] where background and further 
information on this class of distributions can be found. We will restrict ourselves to the 
nonlattice case, with the understanding that the alternative can be handled by obvious 
modifications. A distribution F on [0, oo) with tail F belongs to the class £( a \ a > 0, if 
F(u) > for all u > and 

F(u + x) _ ax . . 

hm — = = e , for x G (-oo, oo). 

u^oo F{u) 

F belongs to the class if in addition 



U— ¥O0 



F{u 

where F 2 * = F * F. When F G S {a) 



F 2 *(u) 

lim exists and is finite, (1.1) 



e ax F(dx) < oo, (1.2) 

[0,oo) 

and the limit in (II. ip is given by 25 ^. Distributions in are called subexponential, and 
those in <S (q) , a > 0, are called convolution equivalent with index a > 0. The class S^ a > 
has several nice properties, including closure under tail equivalence, that is, if F G 
and G is a distribution on [0, oo) for which 

~G( u) 

lim = c for some c G (0, oo), (1.3) 

n^oo F[U) 

then G G S^ a \ This particular property also holds, trivially, for the class C^ a \ 

The right tail of any Levy measure, which is nonzero on an interval [xq, oo), Xq > 0, 
may be taken as the tail of a distribution function on [x , oo), after renormalisation. With 
this convention, we say that the Levy measure (or its tail) is in S^ a \ respectively C^ a \ 
if this is true of the corresponding renormalised tail. By closure under tail equivalence, 
this does not depend on the choice of xq- A convolution equivalent Levy process is one 
for which LT^ G for some a > 0, where IT^ is the restriction of Tlx to (0, oo) and as 
above LT^ denotes its tail. Examples include, for appropriate choices of parameters, the 
CGMY, generalized inverse Gaussian (GIG) and generalized hyperbolic (GH) processes. 
Let 

t(u) = inf{t > : X t > u} (1.4) 
denote the first passage time over level u. The behaviour of 

lim ^ (1.5) 
U ^°° U x (u) 
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has been investigated under various conditions on Ilx- For example when Il x (u) is regu- 
larly varying see Berman [3] and Marcus [25], and more generally when Il x (u) is subexpo- 
nential see Rosihski and Samordnitsky [28] . In the case of interest in this paper, when X 
is convolution equivalent, Braverman and Samordnitsky [8J proved that the limit in (II. 5p 
exists but were unable to identify its value. Later Braverman (7] obtained a complicated 
description of the limit, which unfortunately lends little practical insight as to its actual 
value. Albin and Sunden pQ gave a much simpler proof of existence, but again their 
characterisation of the limit is highly inexplicit. When T = oo, Kliippelberg, Kyprianou 
and Mailer [23] were able to evaluate the limit in (I1.5P under the additional assumption 
Ee aXl < 1. As will become apparent in Section [H see Remark 14.31 when this condition 
fails, the limit in (11.51) is infinite for T = oo. 

The assumption Ee aXl < 1 was introduced in [23] in the context of modeling insurance 
risk. Here u represents the initial reserve and X the excess in claims over premium. Ruin 
occurs when X exceeds u. Our first result, which evaluates the limit in (ll.5p . may thus 
be viewed in this context as providing a sharp asymptotic estimate for the probability of 
ruin in finite time; 

Theorem 1.1 Assume Ii x e then 

lim P frff < T) = [ e ^a)t Ee aX T . t dt (L6) 

n x (w) J[o,t) 

where X t = sup 0<s<4 X s and ip(a) = \nEe aXl . 

The limit in (jl.6p is finite, since Ee aXT < oo for every T < oo when U x 6 <S^; see 
Lemma 12.11 It yields a simple and transparent formula which allows further investigation 
of the limit as a function of T, as will be illustrated in Section [H Formally, setting a = 0, 
(ll.6p reduces to the subexponential result of [28J. However our interest here is in the 
convolution equivalent case, so throughout this paper, it will be tacitly assumed, without 
further mention, that a > 0. 

Building on work begun in [17J in the Ee aXl < 1 and T = oo case, we investigate not 
only when, but how first passage occurs in finite time, that is, what do sample paths look 
like that result in first passage by time T? Our main result is a functional limit theorem 
yielding an asymptotic description of the process conditioned on r(u) < T as u — > oo. 
Roughly speaking the conditioned process behaves like an Esscher transform Z of X up 
to independent time r when it jumps from Z T _ to a neighborhood of u. Let its position 
after the jump be u + Wq. If Wo > the conditioned process then behaves like X started 
at u + Wq. If Wq < 0, the conditioned process X — u behaves like X started at Wq and 
conditioned on r(0) < T — r. The precise descriptions of Z, t and Wq are contained in 
(16.41) . (I6.5p and (I6.8P and the functional limit theorem in Theorem 16.21 This result may 
be used to obtain precise asymptotic estimates for the probability of many other events 
relating to first passage. As one example we derive the joint limiting distribution of the 
first passage time and the overshoot of X conditional on t{u) < T; see Theorems 17.11 and 
17.21 It will be clear from this example how other limiting distributions relating to first 
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passage may be found. Previous work in this area has been restricted to the T = oo and 
Ee aXl < 1 case. Our results are the first that we are aware of that considers the finite 
time horizon problem and removes the condition that Ee aXl < 1. The case Ee aXl = 1 is 
of particular interest, being the classical Cramer-Lundberg condition. This is discussed 
further in Sections \5\ and [7J 

We conclude the introduction with a brief outline of the paper. Section [2] contains 
various notation and introduces two measures related to the description of the limiting 
process given above. Section [3] adapts a convergence result from JT7] in the T = oo case 
to the T < oo case. Section H] then contains the proof of ( 11. 61) . A further discussion 
of the meaning of (II .6ft in the context of insurance risk is given in Section [5j Section |6] 
contains the functional limit theorem and Section [7J applies it to the overshoot. Finally an 
appendix justifies several formulas used in the paper relating to the measures introduced 
in Section [2j 



We follow much of the notation laid out in [T7]. This is briefly summarized in the next 
few paragraphs for the convenience of the reader. Let E = MU {A} where A is a cemetery 
state. Define a metric d on E by 



Thus A is an isolated point and for x,y G K, \x — y\ — > if and only if d(x,y) — > 0. Let 
D be the Skorohod space of functions on [0, oo), taking values in the metric space E, and 
which are right continuous with left limits. Let 

T z = t z (w) = ini{t > : w t > z}, ta = t&(w) = mf{t > : w t = A}. 

Thus, in the notation of (11.41) . t(z) = t z (X). To avoid any possible confusion we reserve 
the notation t(z) exclusively for t z (X). When considering the passage time of a process 
other than X, say W, we will write t z (W). 

For a given function w = (w t )t>o £ D, and r > 0, let ti>[o,r) = (w[o,r)(^))t>o £ D denote 
the killed path 
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Notation 




x — y\ A 1 

1, 




x,y e R 
x e R,y = 
x = y = A. 



A 




Observe that for any t > and w G D 



TA(W[0,t)) = t if t a (w) > t. 
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For x G E let c x G D be the constant path cf = x for all i > 0. If u>, w' G -D, then w — w' 
denotes the path in D given by 



(w - w') t 



w t -w' t , if t < ta(w) A ta(V) 
k otherwise. 



It is convenient to assume that X is given as the coordinate process on D. The usual 
right continuous completion of the filtration generated by the coordinate maps will be 
denoted by {J^t}^- P z denotes the probability measure induced on T = \Zt>Q^Ft by the 
Levy process starting at z G R. We usually write just P for P . The shift operators 
6 t : D -> D, t > 0, are defined by (9 t (w)) s = w(t + s). 

Let B denote the Borel sets on R and B([0, oo)) the Borel sets on [0, oo). Let P = 
D (8) [0, oo) (8) (-00,00), and for T G (0,oo), set V T = D <g> [0,T) ® (-00,00). For 
K G (—00, 00] and x G [0, 00], define measures hk and ^ on J® B([0, 00)) ® -B by 

^jc(dto,dt,d0) = < K)e a<t> P(X W) G dw,X t _ G d0) dt 

and 

^(d^dr^dz) = /(z > -i)ae- a2 dz P Z (X G dw',r(0) G dr). 

We will write \i and v for /ioo and z/oo respectively. The appendix contains a brief discussion 
of these measures, and several formulas involving them, which will be used in the body 
of the paper. Their probabilistic meaning will be discussed below after some preliminary 
observations have been made. 

Without any assumptions on the Levy process, hk and v x may be infinite measures, 
but on T>t they are finite if K < 00 and x < 00 respectively. This is because 

mV> T ) = f E(e aXt ;X t < K) dt (2.1) 
Jo 

and 

vJPt) = I ae~ az P 2 (r(0) < T) d^ 

J z>—x 

ae az P{t{z) < T) dz ( 2 ' 2 ) 



'0<2<X 

„aXi 



= E(e. a \ X T <x) + e ax P(X T > x). 

Here, and elsewhere, we make use of the fact that X t = X t _ a.s. for every t > 0. From 
(12.11) and (12. 2p we also see that fi and v are finite on T>t whenever Ee aXT < 00. This 
condition clearly implies Ee aXl < 00, and, as we show below, is equivalent to it. This 
will allow us to conclude that /x and v are finite on T>t when 11^ G S^ a \ 

Let (L t )t>o be the local time of X at its maximum and H the corresponding ascending 
ladder height process; see jl], [12] or [21]. The renewal function of H is 



V{z) 



[ P{H t < z; t < L 00 )dt, 
Jt>o 
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with associated renewal measure V(dz). When X t — > — oo a.s., has an exponential 
distribution with some parameter q > 0, V is a finite measure of mass q" 1 , and the 
following version of the Pollacek-Khintchine formula holds, see Proposition VI. 17 of [I]; 
for z > 0, 

P{r{z) < oo) = qV(z), (2.3) 

where 

V{z) = [ V{dx). 



Thus 

Ee aX ao = q I e azy( dz y (2.4) 



Lemma 2.1 IfEe aXl < oo then Ee aXT < oo for every T < oo. 7/m addition Ee aXl < 1, 
then Ee aX °° < oo. TTie condition Ee aXl < oo /ioWs when H x G i!>( Q ). 

Proof. Assume Ee aXl < 1. Then X t — > — oo a.s. since e aX * is a non-negative super- 
martingale. Further, by Proposition 5.1 of [23], 



( e az V{dz) < oo, 

J z 



(their condition IT^ ^ is not needed for this). Hence Ee aX °° < oo by ( 12.41) . 

Now assume 1 < Ee aXl < oo. Then we may choose 5 > so that Ee a{Xl - s) < 1. In 
that case Y t = X t — 5t is a Levy process with Ee aYl < 1. Since Xt < Yt + ST it then 
follows that Ee^ T < oo. 

Finally, if TlJ G <S (a) , then J [l oo) e ax U x (dx) < oo by (O]) . and so Ee aXl < oo by 
Theorem 25.17 of [29]. □ 



It will be convenient to introduce measures /i^ and on V defined by 

M-nPr) z/J(-) = ^(-nP T ). 

From the above discussion, these are finite measures if K and x are finite, or if Ee aXl < oo. 
Observe that 



/i^(du>, dt, d0) = /(t < T)/j,K(dw, dt, d(p) = J(ta(u>) < T)/ix(du>, dt, d(p) 
v x {dw' , dr, dz) = I(r < T)u x (dw\ dr, dz) = I(r (w') < T)v x {dw' ', dr, dz). 



The first equalities are trivial and the second follow from Lemma 18.11 The marginal 
measures will be denoted in the obvious way, for example 

fx T K (dw) = /(ta W < T)fi K (dw) =\\ e a<t> P{X m G dw, X t - G d<P)dt 

Jo Jcj}<K ^2 5) 

z/J(dr) = I(r < T)v x {dr) = I(r <T) I ae- az dz P 2 (r(0) G dr). 

J z>—x 



This minor abuse of notation should not cause any confusion. 

The precise probabilistic meaning of /i and v in the S^ a ' case can now be given. Define 
processes Z and W by 

P(Z G dw) = = [ T E(e aX <-;X m G dw) dt (2.7) 

^ iP) V 1 iP) Jo 

and 

u T (dw') i r 

P(W G dw') = -JL-i = - 1 — - / ae~ az P z (X G dw', r(0) < T) dz. (2.8) 

V \U) V \U) 7(-oo,oo) 

It will be shown that Z is an Esscher transform of X killed at an independent time r 
where 

P( c aa >IM _ lit < T)e*Wdt 
[T fc ' ~ i?{V) fi T (V) 

while W is the process X conditioned on r(0) < T, and started with initial distribution 

P(W G dz) = -J_ ae -^P,( T (0) < T)dz. 

Roughly speaking, in terms of the description of the limiting conditioned process given in 
the introduction, /i describes the behaviour of the conditioned process prior to the time 
of the jump into the neighbourhood of u, and v describes the behaviour after the jump. 

3 Preliminary Convergence Result 

In this section we prove a preliminary convergence result describing the behaviour of the 
process for large u when it jumps from a neighbourhood of the origin into a neighbourhood 
of u before time T, and then passes over level u before a further time T. With this aim 
in mind, we begin by introducing a broad class of functions to which this and other 
convergence results apply. 

Let H : D (g) D — > R be measurable with respect to the product a-algebra and set 

G{w,z) = E z [H(w,X);r{0) < oo], w eD,zeR. 

We denote by H the class of such functions H which satisfy 

H(w, w')e 9w ^- Iiw ^~^ 0) is bounded for some 9 e [0, a); (3.1) 

G(w, ■) is continuous a.e. on (— oo, oo) for every w G D. (3.2) 

For T > 0, let Ht be the class of functions H for which H{w,w')I{tq[w') < T) G %. 
Conditions (13.11) and (13. 2p hold for example, if H is bounded and continuous in the product 
Skorohod topology on D®D. More general conditions on H which ensure that (13.21) holds 
are given below. Taking 9 > in ( 13.1 ft allows for certain unbounded functions H. 
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The following result is the starting point of our investigation. It is a consequence of 
Remark 4.1 of [T7|- Let 

A(u, x, T) = {t{u — x) < T, t{u) — t{u — x) < T}. 



Theorem 3.1 Assume G and fix T > 0, x G [0, oo) and K G ( — cxd, oo). Then 
for any H G Hj 

j. ^[g^o^u.a,)), X o g^^-g) - c"); X t(m _ x) _ < K, A(u, x, T)] 

™ njH (33) 

H(w,w') Vxidw) <g> z/J(oV). 

Proof. Fix T > 0, x G [0, oo) and K G (—00,00). We first note that the limiting 
expression is finite, since by (13. ip . for some constant C and some 6 G [0, a), 



weD Jw'eD 

< 



H(w,v/)\f&{dv))tf(dv/) 

C [ [ e-^A-^(^A-<o) /i ^(dw;)z/J(dw; / ) 
JweD Jw'eD 

<C f [ (l + e- Sw ^ T K (dw)^(dw') 
JweD Jw'eD 

= Cu x (V T ) [ E(e aXt -(l + e- eXt -)-X t ^ < K)dt < 00, 



(3.4) 







where the last equality follows from (18. 5p . 

For w,w' G D,z > —x, <fi < K and t > let 

H(w,w') = H(w,w')I(t a (w) < T)I(t (w') < T), 
G(w,z) = E z [H(w,X);r(0) < 00} = I(r A (w) < T)E z [H(w, X); r(0) < T], 



J z>-x U x (u) 

®u(t) = / Au(w, 4>)P{X m G dw, X t _ G d0; t(u -x)>t). 

JweD Jd><K 



Then trivially H E H. Next, note that fix and v x in Remark 4.1 of p2] are simply [Ik 
and i/ x respectively. Thus by (I2.5p . 

H{w,w')fiK{dw)v x {dw') = H(w,w') fi K (dw)iy^ (dw'). (3.6) 

In particular, by (13 .4p . 

/ / \H(w,w')\jl K (dw)v x (dw') < 00. (3.7) 
JweD Jw'eD 
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It then follows from Remark 4.1 of [T7] that 

„ E[H(X [0yT{u _ x)) , X o 9 r{u _ x) - c u ); X r(u _ x) _ < K, r(u) < oo] 

u ™°° n JW (3.8) 

H(w,w') fixidw) g) u x (dw'), 

D®D 

if <£>„, m > Mo, are dominated by an integrable function on [0, oo), for some uq < oo. Once 
this is checked the proof will be complete since (I3.8P is the same as (13 .3p because of (13. 6p 
and the observation that 

ta(X [0jT{u _ x)) ) = t(u - x), r (X o 9 r{u _ x) - c u ) = t{u) - t(u - x) 

on {t(u) < oo}. 

To prove the required domination, we modify an argument from the proof of Theorem 
4.1 in [T7]. Fix e > so that 9 + e < a, and write 

n+ (u - + dz) _ n^(n - (j) + dz) TTJ(m -<f>-x) 
n x ( u ) U x (u-(f)-x) n x (it) 

If u > cf) + x, the first term in the product is a probability measure on (— x, oo), while for 
the second, by a version of Potter's bounds for regularly varying functions, see Theorem 
1.5.6 (ii) of [6], there exists an A = A £ so that 

n ^ (M ~ ~ x) < A\e^^ V e {a+£ ^ +x) ] (3.9) 

nj(«) " 

if u > 1 and + x < u - 1. Thus if m =: + a; + 1) V 1, then by (|3TT|) . f l33|) and fl3T9|) . 
for some constant C depending on if, K, x, a and £ 

sup A u (w, 0) < CI{t a {w) < T) e (Q - £) V euv A-A^ A -<o) a \\ we D,<f)< K, (3.10) 

U>UQ 

where we have used that e 2eK e ( a - £ )<t> > e ( a +z)<t> if < when applying (13. 9p . In particular, 
for every t > 

sup A u (X [0 , t) ,X t _)/(X t _ <tf) 

< CI(t < T) [e (a - £ - e)Xt ~I{X t _ < 0) + e (a - £)Xt -I{0 < X t _ < K)] 

< CJ(t < T) 

where G\ = C(l + e 1 -" - ^), since a — e — 9 > 0. Thus for u > u 

$ tt (t) = £[A u (X [0 , t ), AV); AV < #,t(u - x) > t] < d/(t < T). 
Hence $ n for u > u Q are dominated, and the proof is complete. □ 
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Conditions on H that ensure H G H are discussed in [T7]. In particular, by Proposition 
4.2 of pi], if if satisfies fl3H]), and for all w G D and z G R, 



\imH(w,w' - c £ ) = H(w,w') a.s. P z (dw') on {t (w') < oo}, (3.11) 

then H e H. Observe that the function Hi(w,w') = I(r (w') < T) satisfies (13. lip , 
because 

tq(w' — c £ ) = t e (w') I To(w') as £ l 

on {tq(w') < oo} by right continuity. Since the class of functions satisfying (13. lip is 
clearly closed under products, it follows that if H satisfies (13. ip and (13.111) . then H G %t 
for every T > 0. For example if H is bounded and H(w, •) is continuous in any of the 
usual Skorohod topologies for every w G D, then H satisfies (13.111) and hence H e % T 
for every T > 0. Thus T-Lt is a broad class, containing essentially all functions that are 
likely to be of interest. 

In subsequent sections, we will investigate convergence of the first passage time and 
the overshoot. Similar methods could be applied to other variables related to first passage, 
such as, for example, the undershoot or the time of the maximum prior to first passage. 
In applying Theorem 13. II to the first passage time and the overshoot, the following class of 
functions will prove useful. Let / : 1R 4 — > R be a bounded Borel function which is jointly 
continuous in the last two arguments and set 

H(w,w') = f(T A (w),w TA _,T (w'),w'J (3.12) 

on {ta(^) < oo, To(w') < oo}, where W t = sup 0<s<t w s . Since we only consider such H on 
this set, it's definition elsewhere does not much matter. For completeness though, here 
and below, we take any H of the form (13 . 1 21) to be off this set. Then by Proposition 5.1 
of [T7], H satisfies (I3.1ip and hence H e 1-L T for every T > 0. 



4 First Passage Time 

To study the first passage time, we begin by applying Theorem 13.11 with 

H(w,w') = h(T A (w),T (w')) 

where h : R 2 — > R is a bounded Borel function such that h(t, •) is continuous for every 
* > 0. Then H is of the form fl3TT2|) . and so H G H T - Thus if TTj G C {a \ then by (J3l| 

E[h(r(u - x), t(u) - t(u - x)),X T , u _ x y < K, A(u, x, T)] 
hm — 

n x (n) 

h(r A (w), t (w')) f&(dw) ® ig(dw') (4.1) 

D(g>D 
oo /•oo 

h{t,r)n T K {dt)vl{dr), 



^0 
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where the final equality comes from applying (18.91) to the positive and negative parts of 
h. In particular 

P{t{u - x) 6 dt, t{u) - t(u - x) 6 dr, X r{u _ x) _ < K) T ,,.x_ T , A , 
hm =— ^ '- = n K {dt) ® i£ (dr) 

n^(u) 

in the sense of weak convergence of measures on [0, T) (g> [0,T). 

To obtain the asymptotic behavior of P(r(u) < T) when Ii x 6 <S( a ) we need a version 
of (14. ip in which X T i u - x )- < K is replaced by X T ( u -x)- < K. For this we introduce a 
measure //# on [0, oo) by 

-f K (dt) = I(t < T)E(e aXt -;X t - < K) dt. 

This may be compared with the marginal measure (cf. (12. 6p ) 

H T K {dt) = I(t < T)fi K (dt) = I(t < T)E(e aXt ~;X t _ < K)dt. 

Proposition 4.1 Let h : M 2 — >■ K be a bounded Borel function such that h(t, •) is contin- 
uous for every t > 0. If Tlx £ then 

E[h(r(u - x), t(u) - t(u - x)); X t(m _ :c )_ < K, A(u, x, T)] 

OO POO ^ ' 

\ h(t,r)jf K (dt)^(dr). 
o Jo 

Proof. Let H(w,w') = h(T A (w),T (w'))I(w TA „ < K). Then H is of the form fl3TT2|) . and 
so by Theorem 13 .![ the limit in (14.21) is given by 

h(T A (w),T (w ; ))I(w TA - < K) ix^(dw) ® ^J(dw') 

oo poo 



h(t,r)/4(dt)^(dr) 

'o Jo 

by ( EHQD - □ 

Recall that // = //oo and z/ = z/oo. If Ee aXl < 00 then, as noted following (I2.2p . the 
marginal measures 

//(dt) = £e QXt dt, i/(dr) = Jae~ az dz P z (t(0) G dr) (4.3) 

are finite on [0,T). Equivalently /i T (dt) = //(dt fl [0, T)) and z/ T (dr) = z/(dr fl [0,T)) are 
finite measures. For notational convenience, we will write u(t) for z/([0,t)) and similarly 
for other measures. 

In the next two Propositions and elsewhere, we consider limits as K, x — > 00. By this 
we will always mean that the manner in which K and x approach infinity is irrelevant. 
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In particular they can do so in either order. Letting K, x — > oo in Propositions 14.21 and 
14. 3[ indicates that the most probable paths along which X can reach level u by time T 
are those in which the process jumps from a neighbourhood of to a neighbourhood of 
u. This will be elucidated upon further in Theorem 16.21 

Proposition 4.2 J/nJ G and Ee aXl < oo then 

lira lim P(t(m) < ^(«"0- < ^ = [ v{T -t)^dt). (4.4) 

K,x^oou->oo i[0,T) 

Proof. Fix e > and let g be continuous with g = 1 on [0, T], g = on [T + £, oo) and g 
linear on [T, T+e]. Since {r(«) < T} C x, T), we have by (14.21) with h(t, r) = g(t+r), 
for every x and K 

P(r(u)<T,X T(u _ x) _<K) 
lim sup = p — 

«->oo U x (u) 
poo POO 

< / / g(t + r)]i^{dt)^(dr) 

Jo Jo ( 45 ) 

< / ^(T + s-t)jf K (dt) 

</ [0,oo) 



< I E(e aXt ~ ; X t _ < K)dt [ I(z > -x)ae~ az P z {t($) <T + e- t)dz. 

J[0,T) Jz 



Similarly 

r . P(t{u)<T,X t(u _ x) _<K) 
lim mt = r 

n*(«) (46) 

> f E(e aXt -]X t „ <K)dt ( I(z> -x)ae- az P z (T(Q) <T -e-t)dz. 

J[0,T) Jz 

(14.41) now follows by letting K, x — > oo and then e j. in (14. 5 p and (14. 6 p and noting that 
/ K[0,T-t))/i(dt)= / u([0,T-tMdt) 

J[0,T) J{0,T) 

since the integrands agree except on an at most countable set, and /i has no atoms. □ 

Remark 4.1 If Tlx £ but Ee aXl = oo, it follows from (14.61) that Proposition \4-2\ 
remains valid provided we interpret the integral in (14. 4p as infinite. 

If Ee aXl < 1 then /i and v given by ( 14 .3p are finite measures on [0, oo), since 



//(oo) = / Ee aXt dt= (Ee aXl Y dt < oo 
Jo Jo 



(4.7) 



and 



z/(oo) = f ae~ az dz P z (t < oo) = Ee aXac < oo (4.8) 
by (T2Z2) and Lemma EH 
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Proposition 4.3 I/H{ G tfien 



lim lim p ( r M <^A W > A -)^ o 

Proof. By Lemma [27TT Ee aXl < oo. First assume that Ee aXl < 1. Then by (J4HJ) 
lim lim P(T(M) < °^-*>- < ^ > lim f up-tMdt) 

K,x->oou^oo nj(w) T ^°°i[0,T) 

= yu(oo)z/(oo). 

On the other hand by Theorem 4.1 and Proposition 5.3 of [23] 

P(t(u) < oo) , , , . . 
lim v _V ^ = /i(oo)z/(oo), (4.10) 

from which (14. 9 j) immediately follows (with T even replaced by oo). 

Now assume £e aXl > 1. Choose 5 > so that Ee a{Xl - 5) < 1 and set K t = X t - St. 
Then LTy = LTx and Ee aYl < 1. Hence H4.9I) holds with X replaced by Y\ Next, recalling 
r u (y) = inf{t > : Y t > u}, it is clear that 

{t(u) <T}C {t {u - x) (Y) < T} for x > 5T. (4.11) 

Hence if x A K > 5T, then 

{r(u)<T,Y T(u _ x)iY y<K-8T} 

= {t(u) < T,Y T{u _ x){Y) _ <K-8T, T(u- X )(Y) < T} 
C {r(u) < T,Y T(u _ x)(Y y + 5t {u „ x) (Y) < K} 
G{r(u)<T,X T{u _ x){Yy <K}. 

On the other hand we trivially have 

X r (u - X) (Y) > Y T{u _ x) (Y) >U~X. 

Thus, if additionally u — x > K, then T( U _ X ^(Y) = t{u — x) on {r{u) < T,Y t ,.(y)~ < 
K -5T}. Consequently by (14421) 



(4.12) 



{t(u) < T, Y T{u _ x){Yy <K-6T}C {t(u) < T, I tM _ < K}. (4.13) 
Hence from (14. lip and (I4.13P we may conclude that if x A K > 5T and x + K < u then 
{r(«) < T, ~X T (u~x)- >K}C {t {u ^t)(Y) < T,Y T{u _ x){Y y >K- 5T}. 
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Thus by (14. 9p . with X replaced by Y, u by u — 5T, x by x — 5T and K by K — 5T we 
have 

v r P{t(u) <T,X T(u _ x y>K) 
hm lim 

< lim nm P(r {u -s T) (Y) < T,Y T((u _ ST) _ {x _ ST))(y) . >K-5T) n+jn - 5T) 
= 

which completes the proof. □ 
Remark 4.2 As noted in the proof, ifH x an d Ee aXl < 1 then 

r v P{t{u) < co,X T{u - x) - > K) 
lim lim = r — = U. 

Recall that if), introduced in (11.61) . denotes the exponent of the mgf of Xi, that is 

Note that ip(a) < oo and ip((3) = oo for > a when IT^ G <S^. Combining the two 
previous propositions we obtain 

Theorem 4.1 (Probability of Ruin in Finite Time) Assume IT^ G <S^ then 

PMu) < t) r /m , , , , 

lim 1 = v(T - t)n{dt) 

™ n x («) Mr) ' (414) 

e i>(a)t Ee aX T ^ t dt 

[0,T) 

Proof. The first equality follows from Propositions 14.21 and 14 . 3 [ and the second from ( 14. 3 p 
and (E2D. □ 

Remark 4.3 7/TTj G S {a) and Ee aXl > 1, then trivially 

lim f e ^)t Ee x T . t dt = ^ 



T-s>oo 



[0,T) 



Thus rLjf('u) = o(P(r(u) < oo)) in contrast to the case Ee aXl < 1 where ( I4.10p holds and 
the limit is finite by (14 ,7p and (14.81) . 
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The existence of the limit in ( I4.14p was first proved by Braverman and Samordnitsky 
[8]. Later Braverman [7] obtained a complicated description of the limit; see also (6.1) 
and (6.6) of Albin and Sunden [TJ, and (4.8) of Hao and Tang [19]. Albin and Sunden's 
approach involved showing 

P(X T > u) = 

u^oo P(X T >U) K J 

exists. Their description of L(T) is highly inexplicit, but they were able to show L(T) > 1 
for all T > when X is not a subordinator. Since 

lim > U) = Te^ T (4.15) 

u ^°° n x («) 

when TTj e <S (a) , see [30], it follows from fl4TT4]) that 

L(T) = - [ e -^)t Ee x t dt) 

T J[o,T) 

providing an alternative proof that L(T) > 1 precisely when X is not a subordinator. 

We turn now to the limit in (I4.14p and investigate its behaviour as a function of T. 
When ip(a) > 0, a change variable gives 

f e ^)t Ee cOC T . t dt = ^{a)T J e -f(a)t Ee aX t df ^ ^ 

J[0,T) J[0,T) 

The integral on the RHS diverges as T — > oo since Ee aXt > Ee aXt = e^ a ^. To determine 
the correct exponential rate of growth, we note that \nEe aXt is subadditive, hence by 
Fekete's lemma (Theorem 7.6.1 of |20j), 

In Ee aXt 
l im ^1 = C 

t->oo t 

for some C, where clearly C G [ip(ot), oo). It then easily follows that 

hm — In Inn v , = C. (4.17) 



T^ooT \u^oo Yi + x ( U 



In general when LT^ e S^ a \ we only know that Ee aXl < oo, but now assume for the 
remainder of this paragraph that, in addition to ip(a) > 0, we have 

E(X ie aXl ) < oo. (4.18) 

This assumption arises in connection with the Cramer- Lundb erg large deviation estimate 
in the ip(a) = case; see (15.31) below . Then using Doob's /^-maximal inequality, (see 
Exercise 5.4.6 of [H]), it is easy to check that for some constant C < oo, 

Ee aXt < C(l + t)e^ a)t . (4.19) 
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Hence _ 

\ n Ee aXt .. , 
hm = ipia). 

t— >OQ t 

Thus, in particular, we are able to identify the correct rate of exponential growth; 

lim ifn [ lim P (^\) < ^ ) = ^(a). (4.20) 



t^ooT V^oo nj(u ; 

When ip(a) = 0, more precise information is available from (14.191) . In the special case 
that X is a subordinator, it follows from (14. 14ft or (14. 15ft . that (14.201) can be sharpened to 

lim P( t } < T) = TJO-K 

u ^°° n x (n) 

When ip(a) > 0, (I4.16P may be rewritten 

I e M")t Ee cX T - t dt = ^( a )-V (a)T £(e aXe ; e < T) (4.21) 

J[0,T) 

where e is exponentially distributed with parameter ip(a) and independent of X. For 
fixed T this provides a formula which appears well suited to Monte Carlo simulation. It 
gives the more precise, than (I4.17p . asymptotic estimate 

P(t(u) < T) E(e« x °;e<T) 

lim zzi. ~ TT^ as J- ~ * °°; 

«^oo e ^(a)T n +( M ) 1/){(X) 

where note _ 

Ee aXe > Ee aXe = oo. 

When ip(a) < 0, that is Ee aXl < 1, 

! e i>{<*)t Ee c<XT-t dt = -ij,(a)- 1 E[e c * T —, e < T), 

J[0,T) 

where e is exponentially distributed with parameter —ip(a) and independent of X. In 
this case _ 

P(t(u) < T) Ee aX °° 
lim lim v _/ '- = — < oo 4.22 

t^oo«->oo n +( M ) -il>(a) 

by Lemma [2.11 By way of comparison, observe that from (14.71) and (14.81) . (I4.10p may be 
written _ 

Um ^ P(rW < T) = 23 

The asymptotic behaviour as T — > 0, irrespective of the value of ip{ot)i also follows 
easily from (|4.14|) ; 

lim i lim < ^ = !. 
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5 An Application to Insurance Risk 



A popular model in insurance risk is the Cramer-Lundberg model in which 

N t 



X t = J2Ui~pt, (5.1) 



where N t is a rate A Poisson process, and Ui > form an independent i.i.d. sequence. 
Here p represents the rate of premium inflow and C/j the size of the ith claim. Thus 
X, called the claim surplus process, represents the excess in claims over premium. The 
insurance company starts with a positive reserve u, and ruin occurs if this level is exceeded 
by X. It is assumed that EU\ = fi is finite and that p — (1 + 0)A/i where 9 > is called 
the safety loading. This ensures X t — > — oo, and so the probability of eventual ruin 
P(t(u) < oo) — y as u — y oo. 

A common assumption on X is the Cramer-Lundberg condition 

Ee uXl = 1 for some v > 0. (5.2) 

The v which satisfies (15.21) is often referred to as the Lundberg exponent or adjustment 
coefficient. This condition results in a well-known large deviation estimate for the prob- 
ability of eventual ruin; 

lim e™P{r{u) < oo) = C =: "J^V (5-3) 

where C > if (14. 18j) holds with a replaced by v. 

The problem of a sharp estimate for the probability of ruin in finite time when an 
exponential moment exists is much more difficult. In the special case that the claim 
size distribution is itself exponential, an exact formula for P(t(u) < T) is available; see 
Proposition V.1.3 of [2]. Other than this little is known, although several approximations 
have been proposed, see Chapter V of [2] . One typical such approximation is the classical 
Segerdahl approximation; if (15.21) holds and E(Xfe uXl ) < oo, then 

P(t(u) <T) = Ce- vu ® ( T ~™ ] + o(e~ uu ) (5.4) 



h^fu 

uniformly in T, where a and b are known constants and $ is the standard normal distri- 
bution function. Considerable care must be taken in using (15 .4p . The only time (15.41) is 
guaranteed to provide a valid estimate is when T > au + 0(y/u). For T of smaller order, 
the estimate is of smaller order than e~ uu . For example for fixed T, (15. 4p gives 

P(r(u) <T) = -^^- 2 e-^>^ T + (e— ), (5.5) 

a(27TM) i ' / 

and it is quite likely that the error term will exceed the estimate itself. While some 
improvements to this estimate are possible, and alternative approximations such as the 
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(corrected) diffusion approximation have been proposed, none can lay claim to giving a 
sharp estimate for the probability of ruin in finite time. 

Recently a more general Levy risk insurance model has been proposed in which (15.11) is 
replaced by a spectrally positive Levy process X, that is Tlx = IT^, for which X t — > — oo. 
Theorem 14.11 then solves the problem of a sharp estimate for the probability of ruin in 
finite time in this more general model (even without the spectrally positive assumption) 
when TTj G <S (a) ; 

P(r(u) <T)= Tl x (u)B(T) + o(T5(«)), (5.6) 

where 

B(T) = [ e ^){T-t) Ee aX t dt ^ 

J[0,T) 

Since B is continuous and the limit of monotone functions, the estimate is uniform on 
compacts in T, and when B is bounded, that is when Ee aXl < 1, the estimate is uniform 
over all T. There seems little hope of evaluating B explicitly and so in practice numer- 
ical techniques will be needed. One possibility is to approximate B using Monte-Carlo 
simulation, for which formulations like (I4.2ip appear well suited. An alternative is to 
approximate B by (numerically) inverting its Laplace transform. For 5 > ip(a) V 0, this 
is given by 

, . — Rp aX < s ) 

e- 5s B(s) ds = — - / e~ 5t Ee aXt dt 



s>0 



5-^(a)J t>0 ' 6(5 - ip(a))' 



where e(S) is exponential with parameter 5. In the spectrally positive case this may be 
written equivalently as 

e-"B(s) ds - W6) ~ a) 



s >o W (5-^(a))W 

where is the inverse of the restriction of ip to (— oo,0]; see (4.3.7) and (9.2.9) (which 
note applies to spectrally negative processes) in [12] . It would be interesting to investigate 
how successfully these, and possibly other approximation methods, could be implemented 
in concrete classes of examples, such as those mentioned in the introduction or the GTSC 
models introduced by Hubalek and Kyprianou [2T] and further investigated in [18] . 

As an illustration we compare estimates (I5.5P and (15. 6 p in the context of the Cramer- 
Lundberg model (15. ip when 11^ G 5^'. This is equivalent to the assumption XJ\ G . 
One may regard (15.11) as giving a family of models indexed by the premium rate. Let 
Po = A// be the premium rate corresponding to zero safety loading, and write = Y t —pt 
where Y t = JZi ' ^i- Since Ee aYl > 1, there is a unique p = Pl such that Ee aXl = 1. 

Observe that A^ PL ^ — > — oo a.s. since e aX * l) is a non-negative martingale. Thus pi > Pq. 
In comparing (15.51) and (15.61) . we consider three different regimes for p. The first is large 

(p) (p) 

premiums; p > Pl. In that case Ee aXl < 1, and since Ee l3Xl = oo for every > a 
when IL^ G S^ a \ the Lundberg exponent does not exist. Thus the classical Segerdahl 
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approximation has nothing to say in this case. The second regime is when p = Pl- 
Then the Segerdahl approximation yields ( 15. 5p with v = a. However, not surprisingly, 
the estimate is of completely the wrong order, since e~@ u = o(U x (u)) for every /3 > a. 
Finally the third regime is small premiums; po < p < p^. In this case the Lundberg 
exponent v exists and v < a, however again one can show that the estimate is of the 
wrong order. In this third regime an alternative approximation, the (corrected) diffusion 
approximation, is often suggested. This is a heavy traffic limit, that is, an approximation 
as p 4- Po- Asmussen and Albrecher, Chapter V.6 of [2], report that numerical evidence 
indicates it provides quite good estimates when p is close to po, but again it can not expect 
to match the sharp estimate (I5.6P which is valid for every p. 

In concluding this section it should be pointed out that one would not expect the 
estimates for the probability of ruin in finite time that have been proposed in the literature 
to be as good as (PUD when £ <S (a) . After all (ESJ) is a sharp estimate derived from 
the additional structure resulting from the assumption £ <S^ . Given how little is 
known about these ruin probabilities in general, (I5.6P might be useful as a benchmark 
against which to compare these more general approximations. We should also mention 
that in the subexponential case the situation is much better understood. Then Rosihski 
and S amor dnit sky [28] show 

P(t(u) < T) , P(X T >u) m 
lim '- = lim — =^ '- = T. 

u ^°° ILx(u) u ^°° n x (n) 

The first equality is because ruin by time T is essentially the result of one extremely large 
claim which greatly exceeds u. Consequently X will not have returned to level u by time T 
on the event t{u) < T. The second equality is a direct consequence of subexponentiality. 



6 Functional Limit Theorem 

We now address the question of how first passage occurs by time T, by proving a functional 
limit theorem for the process conditioned on t(u) < T as u — > oo. We begin by revisiting 
Theorem I3.1[ in the case, with the aid of Proposition 14.31 This allows us to set 
K = oo and take the limit as x — > oo in (13. 3p . 

Theorem 6.1 Assume £ and H eU T - Then 

lim E[H(X [0Mu _ x)h X o 9 T[U _ X) - c"); A(u, x, T)] 

™™ nj(«) (61) 



H(w,w') fi T (dw) <g) u T (dw'). 

I D®D 

Proof. The limit is finite since, by the same argument as in ( 13. 4ft but with K = x = oo, 
we obtain 

I [ \H{w,w')\^ T {dw)v T {dw') <Cv{V T ) [ T E{e aXt -(l + e- eXt -)]dt<oo, 

Jw£D Jw'eD Jo 

(6.2) 
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where finiteness follows from Lemma 12. 1[ 

Next, by (13. ip . if K > 0, then \H\ is bounded on {(w,w') : w TA - > K} by some 
constant C say. Since t(u) < 2T on A(u, x, T), it then follows from (14. 9 p with T replaced 
by 2T, that 

(Xp.r^-a;)), X o r( „_ a;) - c u )\ X T , U - X )~ > K, A(u, X, T)) 
hm hm ■ — - -zzr = 0. 

K,x— >oo u— >oo YL^ (u) 

Thus by (I3.3p . the limit in (16. ip is given by 

lim / H(w, w') /M^(dw) ® v^(dw') 



D®D 



= lim / H(w,w')I(4> < K)I(z > -x)fi T (dw,dt, d0) <g> u T (dw',dr, dz). 

Now the integrand is trivially dominated by \H\ and 

\H(w, w') | /^(dw, dt, d(p) <g> i> T (dw', dr, dz) 

= [ [ \H(w,w')\fi T (dw)u T (dw') < oo 
J weD Jw'eD 

by (16. 2p . Thus by dominated convergence 

lim / H(w, w') ii T K {dw) ® ^J(dw') 

C,x-+oo J mD 

H(w, w') [i T (dw, dt, d<fi) ® i/ T (dw', dr, dz) 



D<g)D 

H(w,w') iF{dw) <g> z/ T (dw'). 



□ 



To give a clearer understanding of the limit in (I6.ip . introduce independent .D- valued 
random variables Z and W with distributions given by (12.71) and (12.81) respectively. Clearly 
W is the process X conditioned on r(0) < T, and started with initial distribution 

P(W G dz) = -^—ae- az P z (r(0) < T)dz. (6.3) 

To give a more transparent description of Z , we first introduce the Esscher transform Z 
of X, defined as follows. Let i3([0,s]) denote the Borel sets in Rt ' 5 '. Then for any s > 
and any B s G B([0, s}) 

P({Z V : < v < s} G B 8 ) = e-^ {a)s E{e aXs ; {X v : < v < s} G B s ). (6.4) 
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Next, recalling (14.3j) . let r be independent of Z with distribution 



(dt) J(t < T)e ,/,(Q)t dt 



Thus 

P(r G dt) = W{ J a)T _ i , 0<t<T, if^(a)^0, (6.6) 

and 

dt 

P(r G dt) = — , < t < T, if V>(a) = 0. (6.7) 

Proposition 6.1 Assume Ee aXl < oo. JTien wift Z and r as above, 

{Z t :t< r A (Z)} = {Z t :t< r}. 

Proof. For any B s G S([0, s]) 

P({Z, : < u < s} G fl„ s < T A (Z)) 

= "TTrvT / ^(e° Xt - :ft:0<Ks}£B s ) dt 
/" iP) Js<t<T 

E{e« x ° :{X v :0<v<s}eB s ) f f[a){t _ s) 

v T (v) J s<t<T e 

= P({Z V : < v < s} G B s )-±— [ dt 

P ( V ) Js<t<T 

= P({Z V :0<v<s}e B s )P(s < t) 
= P{{Z V : < v < s} G B s , s < r). 



□ 



Thus Z is seen to be the Esscher transform of X killed at an independent time r with 
distribution given by (16. 5p . 

With the previous analysis at hand it is a relatively easy matter to study the process 
X conditioned on r{u) < T, when IT^ G S^ a K To do so first introduce the probability 
measure 

p(u,T)( . ) = p( . | r ( M ) < T) 

and let p( u,T ) denote expectation with respect to p( u,T ). Let Z and r be distributed as 
above and let (W, r) be independent of Z with joint distribution 



P(W G dw', t G dt) = ^-^l [ ae~ az P z (X G dw', r(0) < T — t)dz P(r G dt) 

P(T) 



' (—00,00) 

^ T(P) ^-'(dw')^ G dt), 



(6i 
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where recall B(T) is given by (15.71) . Observe this is a true probability distribution since, 
from m , 

/ II ae~ az P z {X G dw, r(0) < T — *)ds P(r G dt) 

i[0,T) J (—00,00) 

= -z^Y / A*(d*) 

i[0,T) 

P(T) 



p aX T -t r ]f _ 

n T (p)j lV o h t (py 

Thus W is the process X conditioned on r(0) < T — r, and started with initial distribution 
P(W Q G d*) = *Q^ae— P,(t(0) < T - r)dz. 

In particular 

Lemma 6.1 The joint distribution of {Z^^,W) is given by 

1 f 00 

P(Z [0>T) G dw, iy G dw') = — - J //(dw, dt)u T -\dw'). (6.9) 

Proof. First observe that by (IBTijl . for < t < T 

P(Z [0 , t) G dw) = e-^^*P(e QXt ; X [0 , t) G dw). (6.10) 
Thus by (16. 5p . (I6.8p . (I6.10p and independence 



P(Z [0>T) G dw, W G dw') = f t P ( Z lo,t) edw,re dt, W G dw') 

= J t P ( Z lo,t) e dw)P(r G dt, G dw') 



j e -^ t E{e aXt ]X m G dw)z/ T -*(dw')P(r G dt) 



P(T) 

J- / E(e aXt ;X m G dw)z/ T -'(dw')dt 
v J ) J\0,T) 



B(T) 



[0,T) 

/i T (du7,dt)z/ T -'(d^')- 



P(T) 

□ 

We are now ready to state the main result of this section. 
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Theorem 6.2 (Functional Limit Theorem) Assume IL^ E and H E Ht for ev- 
ery t < T . Then 



x—^oo u — yoo 

Proof. Set 



lim lim E^H(X [0Au _ x)) ,X ° 6 t(u . x) - c u ) = EH(Z [q>t) , W). (6.11) 
F(^,w') = #(™,<u/)I(t a H +r K) < T), 



and fix w G -D. Then 

E z [H(w ,X)I(r(0) <T);r(0) < 00} = E z [H(w ,X);r(0) <T - r A (w )}. 

Now for every w E D, and in particular for w = w , E z [H(w,X);r(0) < T — ta(w )] 
is trivially continuous in z if ta(wo) > T, while if ta(w ) < 7", it is continuous a.e. in 
z E (—00, 00) since H E Ht-t a (w )- Thus H E %t and so 

E^ U,T ' H{X[q iT {u- x )) , X o T (u- x ) — c u ) 

EH(X[ QiT ( u - x y),X a 9 T (u-x) — c u ) 

~ P(t{u) < T) 

_ E[H(X [0>T{U _ X)) ,X o 6 T{U _ X) - c"); A^u, s, T)] 
P(r(«) < T) 

-> / H{w,w') fi T (dw) g> z/ T (dw') 



5(T) 



as m — >■ 00 then x — )■ 00 by (16. ip and (I4.14p . This last integral is absolutely convergent by 
(16.21) . Hence applying (I8.12p to the positive and negative parts of H, this final expression 
may be rewritten as 



B(T) 



H(w,w')I(t a (w) + t (w') < T) fi T (dw) ® u T (dw') 

' D®D 

= -JL/ H(w,w') [ ii T {dwAt)v T -\dw') 
vy 1 ) Jd®d J [0,00) 

= EH(Z [0>T) ,W) 

by (E9]). □ 
Thus under p( u ' T \ for large u, the process X can be approximated as follows; 
• run Z for times < t < r: 



run u + W from time r on, that is, at time T + t, the value of the process is u + Wi 



Thus the process behaves like Z up to an independent time r when it jumps from a 
neighborhood of to a neighborhood of u. Its position prior to the jump is Z T _ and its 
position after is u + W . If W > the process X — u behaves like X started at W . If 
Wq < 0, the process X — u behaves like X started at W and conditioned on r(0) <T — r. 
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7 Conditional Distribution of the First Passage Time 
and Overshoot 

As an illustration of Theorem 16.21 we derive the joint limiting distribution of the first 
passage time r(u) and the overshoot O u = X T ^ U \ — u, conditional on t{u) < T. We give 
two descriptions of the limit, the first in terms of the limiting variables in Theorem 16.21 
and the second in terms of fluctuation quantities. This latter description allows us to 
relate the limiting distribution of the overshoot when T < oo to the limiting distribution 
when T = oo, as found in |23], for the Ee aXl < 1 case. 



Theorem 7.1 IfYl x G S {a) then for any bounded continuous function g : [0, oo) 2 — > R ; 
lim E^g(O u ,r(u)) = Eg(W To{w) ,T + r Q {W)). 

u— s-oo 

Furthermore the limiting distribution is given by 

P(W To(w) ed 1 ,r + r (W)edt) 

= (ae-^d-y fi(dt) + [ ae az dz [ ^(dt - r)P Q (X r{z) - z G d 7 , r(z) G dr) ) 

UK 1 ) V Jz>0 J0<r<t J 

(7.1) 

for 7 > andO<t<T. 
Proof. Set 

H(w,w') = g(w' TQ ,T A (w) + t O')). 

Then for every < x < u, 

H(X [0>T ( u _ x) ),X o 9 t{ u-x) ~ c u ) = g{O u , t(u)) 

if t(u) < oo. Further H G ~Ht for every t > 0, since H is of the form f 1 3 . 1 2 j) . Thus by 
(16. lip we obtain 

lim E^g(O u ,r(u)) = Eg(W To(w) ,r + r (W)). 

u — ^oo 

Now by (ESI) and <KE\) . 

P(W To(w) G d 7 ,r G ds,r (W) G dr) 

= Hr b(T^ ^ I 06 ""* Pz{Xt{0) G d7 ' T(0) G dr)dZ ^ {ds) - 
Hence, letting 5^ denote a point mass concentrated at b, the limiting distribution of 
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(O u ,t(u)) is given by 

P{W MW) edj,T + T {W)edt) 



1 



B(T) 
1 



ae~ az dz / ft{dt - r)P 2 (X r(0) G d 7 , r(0) G dr) 

JO<r<i 

ae~ az dz /i(dt -r)5 {(2i0) }(d7,dr) + 

z>0 JO<r<t 



B(T) 

[ ae- az dz [ (*{dt - r)P z (X T{0) G dj, r(0) G dr)) 

iKO JO<r<t J 

= ^T)( ae_a7d7/i(dt) + 

/ ae^dz / //(dt - r)P (^r(.) - z G d 7 , r(s) G dr) ) 

</2>0 JO<r<t J 

for 7 > and < t < T. □ 

The expression for the limiting distribution in (17. ip may also be written in terms 
of fluctuation quantities by using the quintuple law of Doney and Kyprianou [T3]. In 
order to do so, we first need to introduce some further notation which is standard in the 
area (cf. [1], [12], [21]). Recall from Section |2] that (L t ) t > is the local time of X at its 
maximum. Let (Lj l , H t ) t > be the bivariate ascending ladder process and U L -i H (-, •) its 
Levy measure. The bivariate renewal function of {L~ X ,H') is 

V{s, z) = I P{L^ <s,H t <z;t< L oc )dt, (7.2) 
Jt>o 

with associated renewal measure V(ds, dz). The Levy measure of H will be denoted II//, 
and its Laplace exponent by k where 

K(f3):=-HE(e-^-KL 00 ))=q + (3d H + [ (1 - e -^)Yl H {dy). (7.3) 

Jv>0 



Here d# > is the drift and q > is the killing rate of H; see for example, (6.15) and 
(6.16) of [21]. 

Define measures rj^(ds) and r} a L '"ids) on [0, oo) by 

V V(ds) = J^e az V(ds,dz), Va^ids) = J(e az - l)Il L -i, H (ds,dz). 

If Ee aXl < oo then, as we now show, r] a L 1,H is a finite measure, while rj^ is finite on 
compact sets. 

Proposition 7.1 If Ee aXl < oo then J z>1 e az Il H (dz) < oo. 
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Proof By Vigon's equation amicale inversee [31], for z > 

U H (dz) = k [ V(dy)U x (y + dz), 

Jv>0 



where V is the renewal function of the descending ladder height process, and k > is a 
constant depending on the normalisations of the local times. Thus 



/ e az U H (dz) = k f e az [ V(dy)U x (y + dz) 

Jz>l J z>\ Jy>0 

= k [ V{dy) [ e a{x - y) U x (d; 

Jy>0 Jx>y+1 



< k / e- ay V(dy) / e ax U x (dx). 

Jy>0 Jx>l 

The first integral is finite since for some c > 0, V([0, y]) < cy for large y by Proposition 
III. 1 of [I], and the second is finite by Theorem 25.17 of [29]. □ 

Finiteness of n a L 1,H follows immediately from Proposition 17.11 For rj^, Proposition 
17.11 and Theorem 25.17 of [29J imply that when Ee aXl < oo, we also have E(e aHl ; 1 < 
Lqo) < oo. Hence for a sufficiently large, E(e~ aLl +aH ^- i l < L^) < 1 by dominated 
convergence. Thus for such a, 

/ e~ as 7^(ds) = I I e - as+az [ P{L- 1 G ds,H t G dz, t < L 00 )dt 

J s J s J z Jt>0 

= [ (S(e- aL i 1+aHl ;l<L 00 ))'dt<oa, 
Jt>o 

showing that rj^ is finite on compact sets. 

Theorem 7.2 The limiting distribution in (17.11) may be written alternatively as 

P(W MW) edy,T + T (W)edt) 

= (Mdt)e-^d 7 + d H (/i * V l)(dt) <5 {0} (d 7 ) 

+ / (n*r)V)(dt-s) [ e^U^nids^ + d^dy) 
Jo<s<t Jy>0 J 

for 7 > and0<t <T. 

Proof. By Corollary 3.1 of [IE] , for z > and 7, r > 



P (X T{z) -z G d7;r(» G dr) 



^(dr,z)<5 {0} (d 7 ) + (75) 



1(7 > 0) / / F(d S ,2-dy)n i -i,H(dr-s,y + d7) 

J0<s<r J0<y<z 



r J0<y< 
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where d-jd-Z denotes the left derivative. A straightforward calculation involving changes 
of variable and orders of integration, shows that 

7(7 > 0) / ae az dz V(ds, z - dy)tt L -i, H (dr - s, y + dj) 

Jz>0 J0<y<z 

= 7( 7 >0)a/ e a(: V(ds,d() [ e av H L -^ H {dr - s, y + dj)dy (7.6) 

Jr>0 Jv>0 



a V l(ds) [ e°m L -x tH (dr -s,y + d 7 )dy, 

Jv>0 



ly>0 

where the 7(7 > 0) term may be omitted in the final expression since the measure there 
assigns no mass to the set {7 = 0}. On the other hand if X creeps, that is d# > 0, then 
from Theorem 3.1 (ii) of [16] 

ae az dz-^V(dr, z) = cw£(dr). (7.7) 
Thus substituting (ESD, (EE]) and (E7J) into (EE]) gives 

^(W^wo ed 7 ,T + T ay)Gdt) 

^{0} 



a 



B(T) 
+ 



/x(dt)e-^d 7 + d H (fi * r)Z)(dt) 5 {0} (d 7 ) 



/ (i(dt-r) f r%(ds) f e^UL-x^dr-s^y + d^dy] 

J0<r<t J0<s<r Jy>0 J 

which is the same as (17.4p . □ 

Each of the three terms in (I7.4p has a clear meaning. In order to exit by time T, the 
process must take a large jump from a neighborhood of the origin to a neighborhood of 
the boundary. The first term is a consequence of this jump overshooting the boundary. 
If the jump undershoots the boundary then the process crosses the boundary either by 
creeping, which leads to the second term, or by taking a further (small) jump which results 
in the final term. From this description we can read off, for example, that the limiting 
(sub)-distribution of the time at which the conditioned process creeps over the boundary 
is given by 7?(T) -1 a;d#(/z * 77^). 

The marginal distributions can be obtained from either (17.11) or (I7.4p . We will focus 
on the latter, but mention in passing that the expression for the marginal distribution in 
t obtained from (17. ip . is actually a simple consequence of Theorem 14. 1( for < t < T 

P(r + r (W) <t) = §jfj = ^fjj ot e^^Ee a ^ ds. (7.8) 
By integrating out 7 in (I7.4p . and noting that 

a[ [ e a yU L - liH (ds,y + d 1 )dy = r^ L - 1 - H (ds), (7.9) 
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we obtain the alternative characterisation 



P(r + r (W) edt) = ^ F) L(dt) + ad H (v * r%){dt) + (fi*vl* ijb^Xdf)) (7.10) 
for < t < T . Similarly, the marginal distribution in 7 obtained from (17.41) . is 

P(W To(w) £d 7 ) = -^ (V(T)e-^d 7 + djffO* * »£)C0<W d 7) 

B(T)V , N (7.H) 

(^*^)(r-s) / e^n i - liH (d s , 2/ + d 7 )dy 



0<s<T >^y>0 

where recall for any measure 77 and any t, f](t) = rj([0,t)). 

When Ee aXl < 1 the limiting distribution of the overshoot was found in [23] for the 
case T = 00, that is conditional on r(u) < 00. To relate the result in [23] to (17. lip , we 
investigate the limit as T — > 00 in (17. lip . For this, we recall (j2.4j) . which may be rewritten 

E e <&<*> = gr^(oo). (7.12) 
Theorem 7.3 I/n£ G and £e aXl < 1 tfien as T —> 00 

+ - 

Ee aX ™ q 

where convergence is in the total variation norm. 

Proof. Since ij}{a) < when Ee aXl < 1, on letting T — >• 00 we obtain 

/i(T) ->■ //(oo) < 00, (7.14) 
while by Lemma 12. H ( I7.12p and monotone convergence 

(Ai * i£)(T) = / i£(T - f)ji(df) -> ^(00)^(00) < 00 (7.15) 

J0<t<T 



P(W MW) E d 7 ) - ! + - ( d„5 (d 7 ) + / e^lMy + d 7 )dy ) (7.13) 



and 

/ ( A x*^)(T-s) / e ^n L -i )H (d S ,y + d 7 )dy 

J0<s<T Jy>0 

1^(00)^(00) / / e°*n Ji -i > H(da,y + d7)dy (7.16) 

Js>0 </</>0 

= ^(oo)/i(oo) / e^lMy + d 7 )dy, 

where convergence is in total variation by monotonicity. Also, again by monotone con- 
vergence 

B{T) = [ Ee^-'nidt) -> £e QX °°/i(oo) < 00. (7.17) 

J0<t<T 

Thus (177131) follows by letting T -»■ 00 in (177111 and using (177121) . □ 
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The limiting distribution in ( I7.13P agrees with the limiting distribution of the overshoot 
conditional on r{u) < oo which was found in [23]; see also [13] and (7.5) of [17]. Since 
the only possible atoms in the limiting distributions are at 0, it thus follows that 

lim lim P {u ' T) {O u < x) = lim lim P ( "' T) (O u < x) (7.18) 

T— )-oo it— >oo u— ¥oo T— >oo 

for every x > 0, when Ee aXl < 1. 

It is interesting to note that if Ee aXl = 1, then Ee aX °° = oo (see (I7.20p below), and 
hence formally the limit in ( I7.13P becomes 

P{W MW) G d 7 ) -> - f d H 5 (d 7 ) + / e°*n H (l/ + d 7 )dy) . (7.19) 

9 V </y>0 / 

Under the (minor) additional Cramer-Lundberg assumption ( 14. 18ft . this again agrees with 
the limiting distribution of the overshoot conditional on t(u) < oo, see for example [IB] , 
and so (I7.18P continues to hold. However the argument given above is not rigorous in 
this all the limiting quantities in ( I7.14p -( }7.17p are infinite and hence can not be 

cancelled. To prove (I7.19P more care needs to be taken with the limiting operations. To 
this end, we begin by recalling that Ee aXl = 1 is equivalent to ip(a) = 0. Consequently, 
by the Wiener-Hopf factorisation 

kK(—ot)K,(a) = —ip(a) = 0. 

Here k is the Laplace exponent of the descending ladder process H > and k > is some 
constant depending on the normalisation of the local times; see for example Theorem 6.16 
(iv) of [23]. Since X t — > — oo a.s. when Ee aXl = 1, it follows that H is a proper (not 
killed) subordinator, and hence Ee~ aHl = e~ K<y0 ^ < 1. Thus if ip(a) = then k(— a) = 0, 
and so by (Q and fl7TT2]) . 

/» /'OO /*oo 

Ee aX °° =q e ax / P(H t G dx, t < L^dt = / e - K( ~ a) *dt = oo. (7.20) 

Jx Jt=0 JO 

Lemma 7.1 Assume Ee aXl = 1 and (14.181) . then 



T-roo B(T) 

Proof. First observe that from (15.71) 



B(T — t) 

lim K n/rTi . ' -> 1. (7.21) 



B{T) _ 1 
T ~ T 



Ee aJLs ds -> oo (7.22) 

0<s<T 



since Ee aX °° = oo. Thus by (|P5j) . for fixed t, 



Ee aXs ds < — — / C(l + s)ds 



>T-t<s<T ~ B(T) . 

- fi(T) 

as T ^ oo. Hence (17T2T1) holds. □ 
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Lemma 7.2 Assume II J e S {a) , Ee aXl = 1 and fl4~18]) . then 

lim = and lim = 1, (7.23) 

Proof. The first limit follows immediately from (I7.22p since /x(T) = T. For the second 
limit, first observe that by f lT.3 jl and monotone convergence 



ad H + r^ L ~^ H {T)^ ad H + [ (e ay - l)U H (dy) = q - «(-a) = g as T t oo. (7.24) 
Now by (17301) 

fi T = //(T) + adnifi * r£)(T) + (/i * i£ * ^" 1 ' H )(T) 
= /i(T) + / [ad H + 7)a L ~ 1 ' H (T - t)](fi * i£)(dt) 

</t<T 

< ai(D + [ad H + rg^infr * VI)(T). 

Thus by fl734|) 

limtof ("»ff)>i. 

t^oo B(T) - g 
For the upper bound, fix T > 0. Then by (I7.10p 

5 t+ t„ > KT + T ) + / [ad^ + rS^iT + T - t)](ji * r%)(dt) 

Jt<T 

>[ad i? + 7 7 J i - 1 ^(T )]( / ,^r)(T). 

Dividing by -B(T) and using (17.211) . gives 

U*ril)(T) 1 
lim sup VP - " ; . v ; < 



Now let T ->■ oo. □ 
Theorem 7.4 Assume Tl x €■ S {a) , Ee aXl = 1 and fl4~18|) . tfien as T ^ oo 



P{W MW) E d 7 ) ->• ^ («(d 7 ) + jf e^IT^y + d 7 )d</J 



where convergence is in the total variation norm. 
Proof. Let 



Ms) - ^ 
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(7.25) 



Then by (I72B and (17331 . for fixed s 



while 



Ms) -> i 



(7.26) 



(7.27) 



Now from and (jTTTj) . for any Borel set C C [0, oo) 

P(W MW) £ C) — — (d H I c (0) + / e a m H (y + C)dy 

Q \ Jy>0 



(A**^)CO 



B(T) 



+ / \h{s)-q- l \ [ ae a m L -i >H (ds,y + C)dy 

Js>0 Jy>0 



B(T) 



+ / \fr{s)-q- l \^ H {ds). 

Js>0 



Since rj a L ' H (ds) is a finite measure, the result follows by taking the supremum over all 
C, and using (I7.23p . (I7.26p . (I7.27P and bounded convergence. □ 

When Ee aXl > 1 it is possible that q > or q = 0. In either case it seems more 
difficult to obtain an analogue of (I7.25p . in part because (I7.2ip no longer holds. One case 
in which the limit in (I7.25P can be found is when X is a subordinator, and so q = 0. In 
this case we may take H = X, and similar calculations to those above lead to 



P{W To(W ) G dry) ->■ 



a 



ip(a) 



d H S (d 1 )+ I e a m H (y + d^)dy 

y>o 



On the other hand, since X t — > oo a.s., 



lim P^ T \O u G d 7 ) = P(O u G d 7 ), 

T->oo 

and by standard renewal theory, see for example Theorem 5.7 of 

lim P(O u G d 7 ) = — ( d H 5 (d 7 ) + I ^h(v + dj)dy 

where m = EH\ = EX 1 . In particular this shows that (17.181) no longer holds when 
Ee aXl > 1. 

A similar discussion applies to the first passage time; if Ee aXl < 1 then by (14.141) . 
g22D and (147251) 



lim lim P^ t \t{u) <t)= lim lim P (u ' t) (t(m) < t) 

T— >oo u — ^oo u— >oo T— >oo 



(7.28) 
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for all t > 0. When Ee aXl > 1, letting T ->■ oo in (JEBJ) shows that for alU > 

lim lim P ( "- t) (t(m) < t) = 0, 

T—>oo it— >-oo 

while by Theorem 14.11 and Remark 14.31 

lim lim P (u ' T \r(u) < t) = lim P(r(u) < t\r(u) < oo) = 0. 

u— ¥oo T—too u—too 

Hence (17.28p is also valid in this case, but in a degenerate sense. 

From the calculations presented in this section, it is hopefully clear that the asymptotic 
behavior of many other functionals of the path can be investigated in a similar manner. 

8 Appendix 

The appendix gives more details on several formulas involving /i^ and u x where K,x G 
(— oo, oo]. The measures are first defined for product sets (AxB xC) G J-®B([0, oo)) ®B 
by 

fi K (A xBxC)= [ E(e aXt -;X m G A,X t _ G C,X t _ < K) dt 
JteB 

and 

u x (AxBxC)= [ ae~ az P z {X G A, r(0) G B)dz. 

J{z>-x}nC 

and then extended to measures on J® B([0, oo)) <S> B. 

Lemma 8.1 For each T > the following equality of measures holds; 

I(t < T)fi K (dw, dt, d(f>) = I{t a {w) < T)fi K (dw, dt, d<f>) (8.1) 

and 

I(r < T)u x (dw', dr, dz) = I{t {w') < T)v x (dw' , dr, dz). (8.2) 
Proof. For (18.11) . it suffices to show 

/ I{t < T)fM K (dw, dt, d(f>) = / I(ta(w) < T)/i K (dw, dt, d<p) 

JAxBxC JAxBxC 

for every (A x B x C) G J 7 <8> B([0, oo)) ® B. Let {w : r A (w) < T} = A 1 G J= . Observe 
that 

X[ Qt t) G AAi iff X[ Qt t) G A and t < T. 
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Thus 

I(ta(w) < T)/j, K (dw,dt,d(f)) 



AxBxC 



[ E(e aXt ~ ; X m E AA u X t - E C, X t _ < K) dt 
JteB 

[ I(t < T)E(e aXt ~ ; X m E A, X t . E C, X t „ < K) dt 

Jt&B 



fi K (Ax(Bn[0,T))xC) 

I(t < T)fi K (dw,dt,d<f>). 



'AxBxC 

The proof of ( 18.21) is analogous. □ 
Lemma 8.2 For any nonnegative measurable function H : D — )■ R 

/ H(w)/i K (dw) = [ E(e aXt -H(X m );X t _ < K) dt 

J D JO 



and 



(8.3) 

[ H(w')v x (dw')= [ ae- az E z (H(X);r(0) < oo) dz. (8.4) 

JD Jz>-x 



Proof. Let H = 1 A for A E T. Then 



POO POO 

/ E(e aXt -H(X m );X t _ < K)dt = / E(e aXt ~ ; X m E A; , X t _ < K)dt 
Jo JO 

= /i^-(A) = / H(w)fi K (dw). 



D 



(18.31) then follows by standard arguments. The proof of (18.41) is similar. □ 

Applying (18.31) to the function H(w)f(rA(w))g(w TA -,w TA -)I(rA(w) < T) where / : 
R — > R and g : R 2 — > R are nonnegative Borel functions, gives 



H(w)f(T A (w))g(w TA -, w TA -)/j K (dw) 

= [ f(t)E(e aX *-H(X m )g{X t _,X t _y,X t _<K)dt. 

J[Q,T) 

As a special case we obtain 

H(w)f(r A (w))fi T K (dw) 

= [ f(t)E(e aXt -H(X [0>t) );X t „ < K)dt 

J[0,T) 

[ f(t) [ H(w)E(e aX >-;X m E dw,X t _ < K)dt 

J\0,T) JD 

H(w)f(t)fi T K (dw,dt). 



(8.5) 



[0,T) 

r 

[0,T) 

r 

D®[0,oo) 



•6) 
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Similarly 

/ H(w')f(r (w'M(dw) = [ f(r) [ ae- az E z (H(X);r(0) e dr) 

JD J\0,T) Jz>-x 



[0,T) Jz>- 

H(w')f(r)pT(dw',dr). 



(8.7) 



'D®[0,oo) 

Lemma 8.3 If f , g : M. 2 M. are nonnegative Borel functions then 



f{r A (w), T (w'))g{w TA _, w TA -) n K {dw) <g> ^ (dw') 



/ / /(t,r) J E;(e aX -( 7 (X t _,X t _);X t _ < X)dt i/ s (dr). 

</fO,T) J\0,T) 



' [0,T) J [0,T) 

Proof. By ([83]) and (jSTTj) . both with H = 1, (ED holds if /(t,r) = fi(t)f 2 (r). The 
general result then follows by standard arguments. □ 

Setting g = 1 gives 

noo 
/(f,r)p£(df)i£(dr). (8.9) 
_ . 

Taking g(yi,y 2 ) = l(-oo,jf)(y2) yields 

/(taM,t (u/))J(ib ta _ < X) /x£(du;) ® i/J(du/) 

f(t,r)I(t < T)E{e aXt -;X t - < K) dt z/J(dr) (8.10) 
/(i,r)/l£(d*>J(dr), 



oo /•oo 




'0 ^0 

poo poo 




</0 



where 

/Zjr(dt) = J(t < T)E(e aXt -;X t ^ < K) dt. 

Lemma 8.4 Let : -D <8> D — )■ K fee nonnegative and measurable, and f : M 2 — >• R 6e 
nonnegative and Borel, then 

H(w,w')f(T A (w),To(w')) /i£(diu) <8> z/J(dw') 

(8.11) 

«/)/(*, r) /i^(dw, dt) g> z/J(du/, dr). 

(D<g)[0,oo))®(£>(g>[0,oo)) 



Proof. If H{w,w') = H 1 {w)H 2 {w') and /(t,r) = /i(t)/ a (r), then (ISTTTp holds by (ESD 
and (18. 7p . The result then follows by standard arguments. □ 
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As a special case we obtain 

H(w,w')I(t a (w) + t (w') < T) i2 T K (dw) <g> 

(8.12) 

= / #(«,,«/) / /4(d w ,dtK T "W)- 

J D®D J [0,oo) 
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